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1. Summary

One of the most interesting directions of research in modern theoretical
physics, which originates from celebrated work by E. Fermi, J. Pasta and
S. Ulam (Document LA-1940, May 1955), is related with numerical investigation
of various non-linear systems. It was demonstrated there are particle-like
localized configurations, solitons, which arise as solutions of the classical
field equations. Furthermore, stability of these configurations in many cases
is secured by topology.

Since the appearance of the soliton solutions on the theoretical scene in the
1970s, it becomes evident they are very important in classical and quantum
field theory. Apart from being responsible for various non-perturbative effects,
soliton-like solutions which represent static localised regular field configurations
can be viewed as dual counterparts of the states of the perturbative spectrum.
Furthermore, sometimes the solitons can be considered as a model of elementary
particles. It is from this viewpoint that solitons were originally introduced to
theoretical physics in the context of the Skyrme model.

Simplest example of the topological solitons in one dimension is the class of
the kink solutions which appear in the model with a potential with two or
more degenerated minima. Double well potential corresponds to the nonin-
tegrable ¢* model. Further extensions of this model are possible, for example
one can consider domain walls obtained by embedding of the 1+4-1-dimensional
¢*-kink into higher dimensions. This model has a number of application in
condensed matter physics, biology, non-linear optics and cosmology.

A new development is related to the investigation of the role which soliton
solutions can play in the AdS/CFT correspondence, where this abbreviation
stands for Anti-de Sitter /Conformal Field Theory. The correspondence expresses
the equivalence of two very different types of theories. The first type of theory
represents some theory of gravity describing curved space-times, while the
second type of theory represents some field theory in a flat space-time with
one dimension less. It has then turned out that the AdS/CFT correspondence
provides a powerful tool to analyze strongly correlated systems in condensed
matter physics with many interesting applications in superconductivity, super-
fluidity and the quantum Hall effect. Thus, by studying the solutions of some



gravity theories, which are completely accessible, in principle, one can learn
a lot about the properties of strongly coupled theories, which are extremely
hard to obtain in any other way and which are at the same time highly
relevant for physical systems in condensed matter physics, for instance.

Complexity of the non-linear systems which may support existence of the
soliton configurations, has stimulated rapid development of the corresponding
numerical methods. Typically, investigation of the simplest one dimensional
solitons is related with application of sophisticated numerical techniques and
intensive use of modern parallel computing. These methods have founded
a lot of different and somewhat unexpected applications, like for example
in calculations of trajectories of deep space spacecrafts (ZARN, Bremen,
Germany; Pasadena Jet Propulsion Lab, USA) or in the modeling of the
phase transition in the Early Universe (Parallel Cluster "Cosmos Cambridge,
UK), or in computing of the phase structure of the liquid Helium (CSC —IT
Center for Science, Finland) or in the QCD lattice simulations (JINR, ITEP,
Russia).

The goal of the presented project is to introduce the modern methods of
numerical investigation of topological and non-topological solitons to the
students of the JINR University Center. The list of model examples include:

1. Precise numerical modeling of the fractal dynamics of one-dimensional
solitons, also in the presence of localising potentials and non-homogeneities.

2. Investigation of the effects of spontaneous symmetry breaking in two-
component Bose-Einstein condensate, analyse of the stability of the
solitons with respect to the linear perturbations.

3. Construction of the soliton solutions of the Yang-Mills theory in the
anti de-Sitter space-time, investigation of their roles in the holographic
description. Numerical construction of the black hole "hairy"solutions
in the anti de-Sitter space-time and analyse of their links with the
Yang-Mills soliton configurations.

2. Practical Goals

I. The first group of the problem is related to the numerical modeling of
the dynamical chaotic structures which appear in the processes of resonance
scattering of the kinks in the simple 141 dimensional scalar model ¢*. It is
known the collision of the solitons is related with resonance energy exchange
between the states of perturbative and non-perturbative sectors, the kinetic



energy of the colliding solitons is transferred into the excitations of the
internal mode and back to the translational mode of the kinks. The goal is
to perform very precise numerical simulation of this process and investigate
the role of the spacial non-homogeneities and trapping potentials.

Practical work of students is related with following set of problems:

1. Investigation of the oscillon states in the scalar models ¢* and ¢S.

2. Computer simulation of the process of the kink-antikink collision in the
model ¢*.

I1. Investigation of the effect of spontaneous symmetry breaking in the
Bose-Einstein condensate is one of the most interesting directions of research
both from theoretical and experimental point of view. Simplest model which
may describe this effect is related with double well potential which violates
the symmetry of the ground state in the strong coupling regime. The problem
is related with numerical investigation of the system of the coupled Gross-
Pitaevskii equations which represents a mixture of two non-degenerated states.

Practical work of students is related with following set of problems:

1. Construction of static vortex solutions of the Gross-Pitaevskii equation
and investigation of their linear stability.

2. Investigation of the effect of spontaneous symmetry breaking in the
Bose-Einstein condensate for various non-linear interactions and trapping
potentials.

3. Numerical construction of multisoliton solutions of the planar Skyrme
model for various potentials.

II1. The last group of the problem is related to numerical modeling of
thermodynamics of hairy black holes in the AdS space and application of the
holographic duality approach to evaluation of the corresponding boundary
operators.

Practical work of students is related with following set of problems:



1. Numerical construction of the spherically symmetric solutions of the
SU(2) Yang-Mills theory in the AdS space.

2. Construction of the spherically symmetric solutions of the SU(2) Einstein-
Yang-Mills theory and investigation of the holographic phase transitions.



Yucnaennsle MeTOJbl B Teopuun
TOIIOJIOTNYEeCKHUX COJIMTOHOB
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1. AaHoTanusa

OpauM w3 HanboJiee MHTEPECHBIX HANPABJIEHUN B COBPEMEHHOi (husnke siB-
JISIeTCst, nCcTopraeckn Bocxosiiiee K pabore @epmu-Tlacra-Yiava (E. Fermi,
J. Pasta and S. Ulam, Document LA-1940, May 1955) uccienoBanue pa3Ho-
00pa3HBIX HEJUHEHHBIX CHUCTEM, CBS3aHHOE C X KPYIHOMAIITAOHBIMH KOM-
HbIOTEPHBIM MOJIEJIUPOBAHUEM U YHCJIEHHBIM PEIIeHHEeM COOTBETCTBYOIIEH
cucreMbl ypaBHeHuit. PaboThl B 9TOM HanpaB/IeHHH B YaCTHOCTH IPUBEJIH K
OTKPBITHIO JIOKAJIM30BAHHHBIX HEMEPTYPOATHBHBIX 4aCTHIIETIOA00OHBIX 00heK-
TOB - COJIUTOHOB, BOSHUKAIOIIHNX B KAY€CTBE PEIICHUN KJIACCUICCKUX TOJIEBBIX
ypaBHEHUI, IpHIeM CTAOUIBHOCTD STHX 00bEKTOB 00€CIIeUNBACTCS UX HETPH-
BHAJIbHBIMH TOIOJIOIHYECKUMH CBOHcTBaMu. CerojHs O4YeBHHO, YTO COJIH-
TOHHBIE OJIEBbIe KOH(MUTIYPAIMH HTIPAIOT HCKIYATEIbHO BayKHYIO POJIb B
COBPeMeHHOIT (pu3unKe, JazKe MPOCTEHTIast U3 OMUCHIBAIOIINX UX CUCTEM - O/I-
HOMEpPHAas MO/IE/Ib C JIBYSIMHBIM ITOTEHITHAJIOM C COJTMTOHHBIM PEIIeHUeM TUIIA
KHHKa, IMeeT OIPOMHYIO JIMaNa30H BO3MOXKHBIX cdep IpUMeHeHUsI, HaUnHasT
OT (PU3HKH KOHAEHCUPOBAHHOTO COCTOSHUS WU Ke MPHU OMUCAHUU (ha30BBIX
ePEexX0/I0B BTOPOr0 PO/IA /10 AHAIN3A JTUHAMUKHA KOCMOJIOTTIECKUX JOMEHHbBIX
cTeHoK B panneit Bcenennoit. B ¢dusuke mojmMepos sta cucreMa U3BeCTHA
KaK MO/Ie/Ib 9JIeKTPOHHOI'O IepeHoca B MOJIUAIUTE/IEHOBOI 1enouke. C apy-
roif CTOPOHBI, 3Ta Ke 3aJlava BO3HHUKAET IIPHU OINMUCAHUH HenepTypOaTUBHBIX
5¢dEeKTOB B KBAHTOBOI TEOPUHU MO WX Ke IMPU OMUCAHUT OHOTOTTIECKIX
CHUCTEM, B 9aCTHOCTH IPH HCcIeaoBannn Bo30yxkeruit mosiekysa JJHK. Oco-
00 cjegyerT OTMETHTh aKTyaJbHOCTH PA0OT B HAMPABIEHUN KOMITHIOTEPHOTO
MO/Ie/INPOBAHNS TIOBeIeHnsT B03e-DHINMTeTHOBCKOTO KOH/IEHCATa B Pa3/Ind-
HBIX CHCTEMaX, B TOM YHCJI€ IIPU HAJUYUHM PA3JTUIHBIX HEOTHOPOIHOCTEH H
JIOKQJIU3YIOIIHUX MOTEHIIHATIOB.

HoBoe nampapjieHuu B ONUCAaHUU TOIOJIOIMYECKUX COJIMTOHOB, BOSHUKIIEE B
caMoe TIocJIe/THee BpeMs, CBSI3aHO0 ¢ TaK Ha3bIBA€MbBIM TOJIOTpadUIecKnM Mo/I-
XOJIOM, TIO3BOJISIONINM YCTAHOBUTH COOTHOIIEHUS TyaTbHOCTU MEXKy COJIH-
TOHAMH B UCKPUBJEHHOM TPOCTPAHCTBE-BPEMEHH, U PACCMATPUBAEMBIMH B
du3rKe KOHJIEHCUPOBAHHBIX CP€JI CUCTEMaMu ¢ CUJIbHOH ¢B3bI0. B paMkax
9TOrO0 MOJIX0/IA Y/IAJI0Ch 3HAYNTEIbHO POJBUHYTCS B UCC/IEIOBAHUU CBOMCTB
CBEPXIPOBOJISAIINX CpeJ, KBAHTOBOTO 3pdekra XoJta U SIBJICHHUS CBEPXTe-
Ky4ecTH, UCCIeTOBAaHUs COOTBETCTBYIONIUX MOJeJell TYaJbHOCTH SBIISIIOTCS



OJTHEM U3 HamboJee aKTyaJabHBIX HalpaBJIeHU coBpeMeHHOi dbu3uku pabdo-
THI Ha/l KOTOPBIM BeJAyTCd B KPDYIHEHIINX MUPOBBIX HAYYHBIX [IEHTPAX, B TOM

qucge OUAN.

BeraucianrebHass CI0KHOCTD MOJOOHBIX 3319 CO MHOTHMHU CTEIEHSIMHU CBO-
0016 BO MHOTOM CTUMY/JIAPOBAJIA PA3BUTHE COOTBETCTBYIONIUX BHIUHCTUTE /b~
HbIX MeTO/10B. VcceioBanme CBOWCTB JlazKe MPOCTEHIINX OJHOMEDHBIX COJIU-
TOHOB OOBIYHO CBSI3aHO € PADOTON MOIIHBIX KOMIBIOTEPHBIX CUCTEM U CeTeit
nmetoruxcst B JINT OUAN u B xpynreimux 3apyOeKHBIX HAYIHBIX IEH-
tpax, Hanpumep Jloc Amamoce (CIIA), Ty6aune (Upaanaus) u Tapeme (Be-
JMUKOOpUTAHUS ). BEIUKCTUTEIBHBIE METO/IBI U TEXHUKA, PA3BUTHIE B MPOIECCE
pelleHns CBI3aHHbBIX C 9TUM HAIPABJICHUEM 1PO0JIeM HAILIN MHOYKECTBO HPU-
MEHEHHUIl B CaMbIX Pa3HOOOPA3HBIX M MO4AC HEOKUJAHHBIX MPUIOKEHUSIX,
HAIPUMED MPU UCCJICIOBAHUN JUHAMUKY MOJIeTa MEKILIAHETHBIX allapaToB
(ZARN, Bpemen ©PT' u Pasadena Jet Propulsion Lab, USA), npu moctpo-
ennu Mojeseii panneit Beesennoit (cynepkommbiorep "Cosmos Kem6Gpux,
Besiukobpurtanusi), npu Mo/ejupoBaHuu (has30BbIX LHEPEXOJ0B B KUJIKOM I'e-
qaun (CynepkomnbioTepHas cucreMa pactpeesaenubix soranciaennii CSC-1T,
DunistHIMS ), WK JKe TPU pacdere cBOHCTB agpoHHbIX coctostanii (OMAN u
NTO®D, Poccus).

[Ipennaraemblit TpOEKT HaIlpaB/IeH HAa OOyUeHHE CTYAEHTOB, MPHE3KAIOIIIX
Ha npaktuky B OUVAN, meromam ducjaieHHOr0 MCC/IeI0BaHus CBORCTB TOIO-
JIOTUYECKUX U HETOIMOJOTUYEeCKUX COJUTOHOB C HMCIOJbh30BaHUEM CYIIECTBY-
fomux morrHocTei JIT® OUAN. B kadecTBe pa3indHbIX MOJAEIbHBIX 33124
[Ipe1IaraeTcs

1. BBIIOTHUTH BBICOKOTOUHOE KOMIIBIOTEPHOE MOJEJIUPOBAHUE IIPOIECCA
dppakTaJIbHON JIMHAMUKYU COJIMTOHHBIX KOH(MUIYypaIuil B OJHOMEDPHbBIX
CTPYKTYpaXx, B TOM YUCJI€ B Yy4€TOM HaJIMYUA 3aXBaTbIBalOHIUX IMOTEH-
IIAAJIOB W HEOJHOPOIHOCTEMN.

2. UcciieioBars 3ppekTbl CHOHTAHHOIO HAPYLIEHUS CUMMETPUHU B JIBYX-
KOMIIOHEHTHOM B03e-DiHITeiiHOBCKOM KOHIEHCATE, MPOAHAJIH3HPOBATH
cTabMJILHOCTH COOTBETCTBYIOIIMX PEIMIEHUI 110 OTHOTIIEHHIO K JIMHEHHBIM
BO3MYIIEHUAM HUCXOTHOI cucTtembl ypaBHeHuit ['pocca-IIntaesckoro.

3. Tlocrpouts pemenusi Mmogesn fura-Mujica B npocTpancTBe aHTH-Ie
Currepa, nccse10BaTh X poJib B rogorpadudeckoit kapruae AdS/CET
JIYAJTbHOCTHA U HAUTHU MX CBA3b C PEIIEHUSIMU, OMUCHIBAIONUME Y€pPHbBIE
JIBIPBI B IPOCTPAHCTBe aHTH-Ie CuTTepa.



2. PopMyIMPOBKA MPAKTUYECKUX 331249

I. B xadecTBe mepBoii TPYIIILI 33129 CTYIEHTaAM IPeIIaraeTcs KOMITbIo-
TepHOE MOJIeJIMPOBAHUE XAOTHUYECKUX CTPYKTYD, BO3HUKAIOUIUX B IPOLEC-
CaxX PEe30HAHCHOI'0 pacCedHUd KUHKOB IIpOCcTeiiieil ckaJadapHOil Mogean gz54 B
IPOCTpaHCTBe-BpeMeHn pa3mepHocTu 1+1. Kak u3BecTHO, CTOJIKHOBEHHUE CO-
JINTOHOB CBA3aHO C PEe30HAHCHBIM 3(pdeKToM obMeHa dHeprueir Mexk iy mep-
TYypOATUBHBIM U HEIIepTYyPOATHBHBIM CEKTOPAMU TEOPUHU, KHHETHIECKAsT SHep-
I'Usi CTAJKUBAIONIUXCS COJIMTOHOB IepelaeTcs BO30YK/IeHUsIM neprypoaTuB-
HOI'O CEKTOpPa, U 1TOCJIe BTOPUYHOI'O CTOJIKHOBEHU A KHHKOB BO3BpallaeTCd 06—
paTHO. 3aa49a 3aKII0YAETCS B IHCJIEHHOM MOJEIUPOBAHUN TOTO MPOIECCca,
a TaKzKe B aHaJIu3e POJIH, UI'PAEMOIi IIPU CTOJKHOBEHHH ITPOCTPAHCTBEHHBIMU
HEOTHOPOTHOCTAME M 3aXBATHIBAIOIIMMHI TOTEHITHATIAMI.

[Ipy npoxoKieHNN NPAKTHKHU CTYJAEHTAM IPEJIII0/IaraeTcs PenuTh CjeLyo-
Imue 3a0a9u:

1. VcenenoBanne XapaKTepHCTHK OCIUIOHHOTO COCTOSHAS B MOJeTaX ¢

u ¢S.

2. KommpioTepHoe mojenpoBaHue CTOJTKHOBUTETbLHOW JIWHAMUKH Iapbl
KNHK-aHTHKAHK B MoJean ¢,

II. Dddexr cronranHOrO HapyITeHUs CUMMETPpUH B KOHAeHCaTe Bose-
OifHITelHA, CBA3aHHBII ¢ HEJTMHEITHOCTHIO COOTBETCTBYIOTIEN CHCTEMBI YPaB-
Hennii ['pocca-IIuTaeBckoro, gBageTcd OJHIM aKTYAIbHBIX HATPABIEHNN KaK
TEOPEeTUYECKUX, TAK U IKCIIEPUMEHTAIbHbIX ucciejpoBanuii. [Ipocreiiias Mo-
JieJib, OIKMCHIBAIONIAs ITOT IPGEKT cBsA3aHa ¢ BBEJIECHUEM JIBYSIMHOTO ITPOCT-
PaHCTBEHHO-HEOTHOPOHOTO MOTEHINAJIA, KOTOPBIA HAPYIIaeT CUMMETPAIO OC-
HOBHOI'O COCTOAHUA CUCTEMBI IIPUA YCJIOBUU YTO KOHCTAHTA CBA3U CTAHOBUTCA
JIOCTATOYHO OOTBINON. 3a/1a9a COCTOUT B MCCJIEIOBAHIE U KOMIBIOTEPHOM MO-
JTIeTUPOBAHUN CUCTEMBI, TPEJICTABISIONIENH coH0it cMech IBYX PACIICILTIeHHBIX
COCTOAHUN ONHOH M TOHM 2Ke CHCTeMBbl. 3aMEeTUM 4YTO B HeJuHeHHOH onru-
K€ TOYHBIM aHAJIOTOM €ee dBJISETCA PACHpPOCTPAHEHWe CUCTEMBI JBYX IYYKOB
PA3JIMYHON MOJIAPHU3AIIY WU K€ PA3JIUIHON JJIUHBI BOJTHBI, TAKIM 00pa3oM
MOJIyYeHHbIE Pe3YIbTATBI MOTYT OBITH HeMeIJIeHHO ODOOIIEHbI s 9TOi 3a-
JIadn.



[Ipn mpoxoxKaeHnn TPAaKTUKH CTYACHTaM MPeanoaaraeTcad PeruTh CJaeIyo-
e 3a/la4ymu:

1. TTocTpoenne craTuvyecKux BUXPEBbIX perniennii ypasuenus ['pocca-IInraesckoro
U WCCJIeIOBAHUEe YCIOBUI MX CTAOWIBLHOCTH.

2. UccnenoBanue 3¢ddexra CnOHTAHHOTO HApPyNIEHUs CUMMETPUU B KOH-
nencare bBoze-DitHmmTeiina A8 pa3ndHbIX (HOPM HEJIHMHEHHOro B3au-
MOOENCTBHUS.

3. TocTpoenne MyIbTHCOTUTOHHBIX pellennii maanapuoit mogen Ckupma
U HCCTIe0BaHUE UX CBOICTB B 3aBUCHMOCTH OT BBIOOpA MOTEHIHAJIA
MO/IEJIN.

III. Tless TOlt TPyHIBI 3a7a4 3aK/JII0YAETCA B MCCJICJIOBAHUNA TEPMO/IH-
HAMHIYEeCKHX XapaKTePUCTUK YePHBIX JAbIP B mpocTpaHcTBe llIBapmmmibia-
antu-1e Currepa Ha ¢one chanepoHHBIX pemreHnit Teopun fura-Mmuiica u
BBIYUC/ICHUE TAPAMETPOB MOPsJIKA B JyaJbHBIX TEOPHUAX C UCHOJIH30BAHUEM
roJiorpapuueckoro mo/Ixo/a.

[Ipn mpoxoxKaeHnn TpaKTUKH CTYAeHTaM IMpearnoaraeTcsd PeruTh CaeIyo-
e 3a1a490:

1. Tlocrpouts peryasipubie chepuuecku cummerpuanbie SU(2)-pemenns
reopun Aura-Mwuica va dpone nmpocrpancrsa antu-yie Currepa ¢ puk-
CUPOBAHHON METPUKOIA.

2. TlocTpouts peryssipubie cepudecKu-CAMMETPUYHbBIE PEIIeHUs] TeOPUN
Ditnmreiina- flara-Musica B 9eTbIpeXMEPHOM ITPOCTPAHCTBE AHTH-IIE
Curtepa, u uccjae0BaTh UX IMOBEJ/ICHHE DU BAPUAIUU I'PAHUIHBIX yCJI0-
BUIA.



