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1. Summary

One of the most interesting directions of research in modern theoretical
physics, which originates from celebrated work by E. Fermi, J. Pasta and
S. Ulam (Document LA-1940, May 1955), is related with numerical investigation
of various non-linear systems. It was demonstrated there are particle-like
localized con�gurations, solitons, which arise as solutions of the classical
�eld equations. Furthermore, stability of these con�gurations in many cases
is secured by topology.

Since the appearance of the soliton solutions on the theoretical scene in the
1970s, it becomes evident they are very important in classical and quantum
�eld theory. Apart from being responsible for various non-perturbative e�ects,
soliton-like solutions which represent static localised regular �eld con�gurations
can be viewed as dual counterparts of the states of the perturbative spectrum.
Furthermore, sometimes the solitons can be considered as a model of elementary
particles. It is from this viewpoint that solitons were originally introduced to
theoretical physics in the context of the Skyrme model.

Simplest example of the topological solitons in one dimension is the class of
the kink solutions which appear in the model with a potential with two or
more degenerated minima. Double well potential corresponds to the nonin-
tegrable ϕ4 model. Further extensions of this model are possible, for example
one can consider domain walls obtained by embedding of the 1+1-dimensional
ϕ4-kink into higher dimensions. This model has a number of application in
condensed matter physics, biology, non-linear optics and cosmology.

A new development is related to the investigation of the role which soliton
solutions can play in the AdS/CFT correspondence, where this abbreviation
stands for Anti-de Sitter/Conformal Field Theory. The correspondence expresses
the equivalence of two very di�erent types of theories. The �rst type of theory
represents some theory of gravity describing curved space-times, while the
second type of theory represents some �eld theory in a �at space-time with
one dimension less. It has then turned out that the AdS/CFT correspondence
provides a powerful tool to analyze strongly correlated systems in condensed
matter physics with many interesting applications in superconductivity, super-
�uidity and the quantum Hall e�ect. Thus, by studying the solutions of some



gravity theories, which are completely accessible, in principle, one can learn
a lot about the properties of strongly coupled theories, which are extremely
hard to obtain in any other way and which are at the same time highly
relevant for physical systems in condensed matter physics, for instance.

Complexity of the non-linear systems which may support existence of the
soliton con�gurations, has stimulated rapid development of the corresponding
numerical methods. Typically, investigation of the simplest one dimensional
solitons is related with application of sophisticated numerical techniques and
intensive use of modern parallel computing. These methods have founded
a lot of di�erent and somewhat unexpected applications, like for example
in calculations of trajectories of deep space spacecrafts (ZARN, Bremen,
Germany; Pasadena Jet Propulsion Lab, USA) or in the modeling of the
phase transition in the Early Universe (Parallel Cluster "Cosmos Cambridge,
UK), or in computing of the phase structure of the liquid Helium (CSC � IT
Center for Science, Finland) or in the QCD lattice simulations (JINR, ITEP,
Russia).

The goal of the presented project is to introduce the modern methods of
numerical investigation of topological and non-topological solitons to the
students of the JINR University Center. The list of model examples include:

1. Precise numerical modeling of the fractal dynamics of one-dimensional
solitons, also in the presence of localising potentials and non-homogeneities.

2. Investigation of the e�ects of spontaneous symmetry breaking in two-
component Bose-Einstein condensate, analyse of the stability of the
solitons with respect to the linear perturbations.

3. Construction of the soliton solutions of the Yang-Mills theory in the
anti de-Sitter space-time, investigation of their roles in the holographic
description. Numerical construction of the black hole "hairy"solutions
in the anti de-Sitter space-time and analyse of their links with the
Yang-Mills soliton con�gurations.

2. Practical Goals

I. The �rst group of the problem is related to the numerical modeling of
the dynamical chaotic structures which appear in the processes of resonance
scattering of the kinks in the simple 1+1 dimensional scalar model ϕ4. It is
known the collision of the solitons is related with resonance energy exchange
between the states of perturbative and non-perturbative sectors, the kinetic



energy of the colliding solitons is transferred into the excitations of the
internal mode and back to the translational mode of the kinks. The goal is
to perform very precise numerical simulation of this process and investigate
the role of the spacial non-homogeneities and trapping potentials.

Practical work of students is related with following set of problems:

1. Investigation of the oscillon states in the scalar models ϕ4 and ϕ6.

2. Computer simulation of the process of the kink-antikink collision in the
model ϕ4.

II. Investigation of the e�ect of spontaneous symmetry breaking in the
Bose-Einstein condensate is one of the most interesting directions of research
both from theoretical and experimental point of view. Simplest model which
may describe this e�ect is related with double well potential which violates
the symmetry of the ground state in the strong coupling regime. The problem
is related with numerical investigation of the system of the coupled Gross-
Pitaevskii equations which represents a mixture of two non-degenerated states.

Practical work of students is related with following set of problems:

1. Construction of static vortex solutions of the Gross-Pitaevskii equation
and investigation of their linear stability.

2. Investigation of the e�ect of spontaneous symmetry breaking in the
Bose-Einstein condensate for various non-linear interactions and trapping
potentials.

3. Numerical construction of multisoliton solutions of the planar Skyrme
model for various potentials.

III. The last group of the problem is related to numerical modeling of
thermodynamics of hairy black holes in the AdS space and application of the
holographic duality approach to evaluation of the corresponding boundary
operators.

Practical work of students is related with following set of problems:



1. Numerical construction of the spherically symmetric solutions of the
SU(2) Yang-Mills theory in the AdS space.

2. Construction of the spherically symmetric solutions of the SU(2) Einstein-
Yang-Mills theory and investigation of the holographic phase transitions.



×èñëåííûå ìåòîäû â òåîðèè
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1. Àííîòàöèÿ

Îäíèì èç íàèáîëåå èíòåðåñíûõ íàïðàâëåíèé â ñîâðåìåííîé ôèçèêå ÿâ-
ëÿåòñÿ, èñòîðè÷åñêè âîñõîäÿùåå ê ðàáîòå Ôåðìè-Ïàñòà-Óëàìà (E. Fermi,
J. Pasta and S. Ulam, Document LA-1940, May 1955) èññëåäîâàíèå ðàçíî-
îáðàçíûõ íåëèíåéíûõ ñèñòåì, ñâÿçàííîå ñ èõ êðóïíîìàøòàáíûìè êîì-
ïüþòåðíûì ìîäåëèðîâàíèåì è ÷èñëåííûì ðåøåíèåì ñîîòâåòñòâóþùåé
ñèñòåìû óðàâíåíèé. Ðàáîòû â ýòîì íàïðàâëåíèè â ÷àñòíîñòè ïðèâåëè ê
îòêðûòèþ ëîêàëèçîâàíííûõ íåïåðòóðáàòèâíûõ ÷àñòèöåïîäîáíûõ îáúåê-
òîâ - ñîëèòîíîâ, âîçíèêàþùèõ â êà÷åñòâå ðåøåíèé êëàññè÷åñêèõ ïîëåâûõ
óðàâíåíèé, ïðè÷åì ñòàáèëüíîñòü ýòèõ îáúåêòîâ îáåñïå÷èâàåòñÿ èõ íåòðè-
âèàëüíûìè òîïîëîãè÷åñêèìè ñâîéñòâàìè. Ñåãîäíÿ î÷åâèäíî, ÷òî ñîëè-
òîííûå ïîëåâûå êîíôèãóðàöèè èãðàþò èñêëþ÷èòåëüíî âàæíóþ ðîëü â
ñîâðåìåííîé ôèçèêå, äàæå ïðîñòåéøàÿ èç îïèñûâàþùèõ èõ ñèñòåì - îä-
íîìåðíàÿ ìîäåëü ñ äâóÿìíûì ïîòåíöèàëîì ñ ñîëèòîííûì ðåøåíèåì òèïà
êèíêà, èìååò îãðîìíóþ äèàïàçîí âîçìîæíûõ ñôåð ïðèìåíåíèÿ, íà÷èíàÿ
îò ôèçèêè êîíäåíñèðîâàííîãî ñîñòîÿíèÿ èëè æå ïðè îïèñàíèè ôàçîâûõ
ïåðåõîäîâ âòîðîãî ðîäà äî àíàëèçà äèíàìèêè êîñìîëîãè÷åñêèõ äîìåííûõ
ñòåíîê â ðàííåé Âñåëåííîé. Â ôèçèêå ïîëèìåðîâ ýòà ñèñòåìà èçâåñòíà
êàê ìîäåëü ýëåêòðîííîãî ïåðåíîñà â ïîëèàöèòåëåíîâîé öåïî÷êå. Ñ äðó-
ãîé ñòîðîíû, ýòà æå çàäà÷à âîçíèêàåò ïðè îïèñàíèè íåïåðòóðáàòèâíûõ
ýôôåêòîâ â êâàíòîâîé òåîðèè ïîëÿ èëè æå ïðè îïèñàíèè áèîëîãè÷åñêèõ
ñèñòåì, â ÷àñòíîñòè ïðè èññëåäîâàíèè âîçáóæäåíèé ìîëåêóë ÄÍÊ. Îñî-
áî ñëåäóåò îòìåòèòü àêòóàëüíîñòü ðàáîò â íàïðàâëåíèè êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ ïîâåäåíèÿ Áîçå-Ýéíøòåéíîâñêîãî êîíäåíñàòà â ðàçëè÷-
íûõ ñèñòåìàõ, â òîì ÷èñëå ïðè íàëè÷èè ðàçëè÷íûõ íåîäíîðîäíîñòåé è
ëîêàëèçóþùèõ ïîòåíöèàëîâ.

Íîâîå íàïðàâëåíèè â îïèñàíèè òîïîëîãè÷åñêèõ ñîëèòîíîâ, âîçíèêøåå â
ñàìîå ïîñëåäíåå âðåìÿ, ñâÿçàíî ñ òàê íàçûâàåìûì ãîëîãðàôè÷åñêèì ïîä-
õîäîì, ïîçâîëÿþùèì óñòàíîâèòü ñîîòíîøåíèÿ äóàëüíîñòè ìåæäó ñîëè-
òîíàìè â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè, è ðàññìàòðèâàåìûìè â
ôèçèêå êîíäåíñèðîâàííûõ ñðåä ñèñòåìàìè ñ ñèëüíîé ñâÿçüþ. Â ðàìêàõ
ýòîãî ïîäõîäà óäàëîñü çíà÷èòåëüíî ïðîäâèíóòñÿ â èññëåäîâàíèè ñâîéñòâ
ñâåðõïðîâîäÿùèõ ñðåä, êâàíòîâîãî ýôôåêòà Õîëëà è ÿâëåíèÿ ñâåðõòå-
êó÷åñòè, èññëåäîâàíèÿ ñîîòâåòñòâóþùèõ ìîäåëåé äóàëüíîñòè ÿâëÿþòñÿ



îäíèì èç íàèáîëåå àêòóàëüíûõ íàïðàâëåíèé ñîâðåìåííîé ôèçèêè ðàáî-
òû íàä êîòîðûì âåäóòñÿ â êðóïíåéøèõ ìèðîâûõ íàó÷íûõ öåíòðàõ, â òîì
÷èñëå ÎÈßÈ.

Âû÷èñëèòåëüíàÿ ñëîæíîñòü ïîäîáíûõ çàäà÷ ñî ìíîãèìè ñòåïåíÿìè ñâî-
áîäû âî ìíîãîì ñòèìóëèðîâàëà ðàçâèòèå ñîîòâåòñòâóþùèõ âû÷èñëèòåëü-
íûõ ìåòîäîâ. Èññëåäîâàíèå ñâîéñòâ äàæå ïðîñòåéøèõ îäíîìåðíûõ ñîëè-
òîíîâ îáû÷íî ñâÿçàíî ñ ðàáîòîé ìîùíûõ êîìïüþòåðíûõ ñèñòåì è ñåòåé
èìåþùèõñÿ â ËÈÒ ÎÈßÈ è â êðóïíåéøèõ çàðóáåæíûõ íàó÷íûõ öåí-
òðàõ, íàïðèìåð Ëîñ Àëàìîñå (ÑØÀ), Äóáëèíå (Èðëàíäèÿ) è Äàðåìå (Âå-
ëèêîáðèòàíèÿ). Âû÷èñëèòåëüíûå ìåòîäû è òåõíèêà, ðàçâèòûå â ïðîöåññå
ðåøåíèÿ ñâÿçàííûõ ñ ýòèì íàïðàâëåíèåì ïðîáëåì íàøëè ìíîæåñòâî ïðè-
ìåíåíèé â ñàìûõ ðàçíîîáðàçíûõ è ïîä÷àñ íåîæèäàííûõ ïðèëîæåíèÿõ,
íàïðèìåð ïðè èññëåäîâàíèè äèíàìèêè ïîëåòà ìåæïëàíåòíûõ àïïàðàòîâ
(ZARN, Áðåìåí ÔÐÃ è Pasadena Jet Propulsion Lab, USA), ïðè ïîñòðî-
åíèè ìîäåëåé ðàííåé Âñåëåííîé (ñóïåðêîìïüþòåð "Cosmos Êåìáðèäæ,
Âåëèêîáðèòàíèÿ), ïðè ìîäåëèðîâàíèè ôàçîâûõ ïåðåõîäîâ â æèäêîì ãå-
ëèè (Ñóïåðêîìïüþòåðíàÿ ñèñòåìà ðàñïðåäåëåííûõ âû÷èñëåíèé CSC-IT,
Ôèíëÿíäèÿ), èëè æå ïðè ðàñ÷åòå ñâîéñòâ àäðîííûõ ñîñòîÿíèé (ÎÈßÈ è
ÈÒÝÔ, Ðîññèÿ).

Ïðåäëàãàåìûé ïðîåêò íàïðàâëåí íà îáó÷åíèå ñòóäåíòîâ, ïðèåçæàþùèõ
íà ïðàêòèêó â ÎÈßÈ, ìåòîäàì ÷èñëåííîãî èññëåäîâàíèÿ ñâîéñòâ òîïî-
ëîãè÷åñêèõ è íåòîïîëîãè÷åñêèõ ñîëèòîíîâ ñ èñïîëüçîâàíèåì ñóùåñòâó-
þùèõ ìîùíîñòåé ËÒÔ ÎÈßÈ. Â êà÷åñòâå ðàçëè÷íûõ ìîäåëüíûõ çàäà÷
ïðåäëàãàåòñÿ

1. Âûïîëíèòü âûñîêîòî÷íîå êîìïüþòåðíîå ìîäåëèðîâàíèå ïðîöåññà
ôðàêòàëüíîé äèíàìèêè ñîëèòîííûõ êîíôèãóðàöèé â îäíîìåðíûõ
ñòðóêòóðàõ, â òîì ÷èñëå â ó÷åòîì íàëè÷èÿ çàõâàòûâàþùèõ ïîòåí-
öèàëîâ è íåîäíîðîäíîñòåé.

2. Èññëåäîâàòü ýôôåêòû ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè â äâóõ-
êîìïîíåíòíîì Áîçå-Ýéíøòåéíîâñêîì êîíäåíñàòå, ïðîàíàëèçèðîâàòü
ñòàáèëüíîñòü ñîîòâåòñòâóþùèõ ðåøåíèé ïî îòíîøåíèþ ê ëèíåéíûì
âîçìóùåíèÿì èñõîäíîé ñèñòåìû óðàâíåíèé Ãðîññà-Ïèòàåâñêîãî.

3. Ïîñòðîèòü ðåøåíèÿ ìîäåëè ßíãà-Ìèëëñà â ïðîñòðàíñòâå àíòè-äå
Ñèòòåðà, èññëåäîâàòü èõ ðîëü â ãîëîãðàôè÷åñêîé êàðòèíå AdS/CFT
äóàëüíîñòè è íàéòè èõ ñâÿçü ñ ðåøåíèÿìè, îïèñûâàþùèìè ÷åðíûå
äûðû â ïðîñòðàíñòâå àíòè-äå Ñèòòåðà.



2. Ôîðìóëèðîâêà ïðàêòè÷åñêèõ çàäà÷

I. Â êà÷åñòâå ïåðâîé ãðóïïû çàäà÷ ñòóäåíòàì ïðåäëàãàåòñÿ êîìïüþ-
òåðíîå ìîäåëèðîâàíèå õàîòè÷åñêèõ ñòðóêòóð, âîçíèêàþùèõ â ïðîöåñ-
ñàõ ðåçîíàíñíîãî ðàññåÿíèÿ êèíêîâ ïðîñòåéøåé ñêàëÿðíîé ìîäåëè ϕ4 â
ïðîñòðàíñòâå-âðåìåíè ðàçìåðíîñòè 1+1. Êàê èçâåñòíî, ñòîëêíîâåíèå ñî-
ëèòîíîâ ñâÿçàíî ñ ðåçîíàíñíûì ýôôåêòîì îáìåíà ýíåðãèåé ìåæäó ïåð-
òóðáàòèâíûì è íåïåðòóðáàòèâíûì ñåêòîðàìè òåîðèè, êèíåòè÷åñêàÿ ýíåð-
ãèÿ ñòàëêèâàþùèõñÿ ñîëèòîíîâ ïåðåäàåòñÿ âîçáóæäåíèÿì ïåðòóðáàòèâ-
íîãî ñåêòîðà, è ïîñëå âòîðè÷íîãî ñòîëêíîâåíèÿ êèíêîâ âîçâðàùàåòñÿ îá-
ðàòíî. Çàäà÷à çàêëþ÷àåòñÿ â ÷èñëåííîì ìîäåëèðîâàíèè ýòîãî ïðîöåññà,
à òàêæå â àíàëèçå ðîëè, èãðàåìîé ïðè ñòîëêíîâåíèè ïðîñòðàíñòâåííûìè
íåîäíîðîäíîñòÿìè è çàõâàòûâàþùèìè ïîòåíöèàëàìè.

Ïðè ïðîõîæäåíèè ïðàêòèêè ñòóäåíòàì ïðåäïîëàãàåòñÿ ðåøèòü ñëåäóþ-
ùèå çàäà÷è:

1. Èññëåäîâàíèå õàðàêòåðèñòèê îñöèëëîííîãî ñîñòîÿíèÿ â ìîäåëÿõ ϕ4

è ϕ6.

2. Êîìïüþòåðíîå ìîäåëèðîâàíèå ñòîëêíîâèòåëüíîé äèíàìèêè ïàðû
êèíê-àíòèêèíê â ìîäåëè ϕ4.

II. Ýôôåêò ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè â êîíäåíñàòå Áîçå-
Ýéíøòåéíà, ñâÿçàííûé ñ íåëèíåéíîñòüþ ñîîòâåòñòâóþùåé ñèñòåìû óðàâ-
íåíèé Ãðîññà-Ïèòàåâñêîãî, ÿâëÿåòñÿ îäíèì àêòóàëüíûõ íàïðàâëåíèé êàê
òåîðåòè÷åñêèõ, òàê è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé. Ïðîñòåéøàÿ ìî-
äåëü, îïèñûâàþùàÿ ýòîò ýôôåêò ñâÿçàíà ñ ââåäåíèåì äâóÿìíîãî ïðîñò-
ðàíñòâåííî-íåîäíîðîäíîãî ïîòåíöèàëà, êîòîðûé íàðóøàåò ñèììåòðèþ îñ-
íîâíîãî ñîñòîÿíèÿ ñèñòåìû ïðè óñëîâèè ÷òî êîíñòàíòà ñâÿçè ñòàíîâèòñÿ
äîñòàòî÷íî áîëüøîé. Çàäà÷à ñîñòîèò â èññëåäîâàíèè è êîìïüþòåðíîì ìî-
äåëèðîâàíèè ñèñòåìû, ïðåäñòàâëÿþùåé ñîáîé ñìåñü äâóõ ðàñùåïëåííûõ
ñîñòîÿíèé îäíîé è òîé æå ñèñòåìû. Çàìåòèì ÷òî â íåëèíåéíîé îïòè-
êå òî÷íûì àíàëîãîì åå ÿâëÿåòñÿ ðàñïðîñòðàíåíèå ñèñòåìû äâóõ ïó÷êîâ
ðàçëè÷íîé ïîëÿðèçàöèè èëè æå ðàçëè÷íîé äëèíû âîëíû, òàêèì îáðàçîì
ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü íåìåäëåííî îáîáùåíû äëÿ ýòîé çà-
äà÷è.



Ïðè ïðîõîæäåíèè ïðàêòèêè ñòóäåíòàì ïðåäïîëàãàåòñÿ ðåøèòü ñëåäóþ-
ùèå çàäà÷è:

1. Ïîñòðîåíèå ñòàòè÷åñêèõ âèõðåâûõ ðåøåíèé óðàâíåíèÿ Ãðîññà-Ïèòàåâñêîãî
è èññëåäîâàíèå óñëîâèé èõ ñòàáèëüíîñòè.

2. Èññëåäîâàíèå ýôôåêòà ñïîíòàííîãî íàðóøåíèÿ ñèììåòðèè â êîí-
äåíñàòå Áîçå-Ýéíøòåéíà äëÿ ðàçëè÷íûõ ôîðì íåëèíåéíîãî âçàè-
ìîäåéñòâèÿ.

3. Ïîñòðîåíèå ìóëüòèñîëèòîííûõ ðåøåíèé ïëàíàðíîé ìîäåëè Ñêèðìà
è èññëåäîâàíèå èõ ñâîéñòâ â çàâèñèìîñòè îò âûáîðà ïîòåíöèàëà
ìîäåëè.

III. Öåëü ýòîé ãðóïïû çàäà÷ çàêëþ÷àåòñÿ â èññëåäîâàíèè òåðìîäè-
íàìè÷åñêèõ õàðàêòåðèñòèê ÷åðíûõ äûð â ïðîñòðàíñòâå Øâàðöøèëüäà-
àíòè-äå Ñèòòåðà íà ôîíå ñôàëåðîííûõ ðåøåíèé òåîðèè ßíãà-Ìèëëñà è
âû÷èñëåíèå ïàðàìåòðîâ ïîðÿäêà â äóàëüíûõ òåîðèÿõ ñ èñïîëüçîâàíèåì
ãîëîãðàôè÷åñêîãî ïîäõîäà.

Ïðè ïðîõîæäåíèè ïðàêòèêè ñòóäåíòàì ïðåäïîëàãàåòñÿ ðåøèòü ñëåäóþ-
ùèå çàäà÷è:

1. Ïîñòðîèòü ðåãóëÿðíûå ñôåðè÷åñêè ñèììåòðè÷íûå SU(2)-ðåøåíèÿ
òåîðèè ßíãà-Ìèëëñà íà ôîíå ïðîñòðàíñòâà àíòè-äå Ñèòòåðà ñ ôèê-
ñèðîâàííîé ìåòðèêîé.

2. Ïîñòðîèòü ðåãóëÿðíûå ñôåðè÷åñêè-ñèììåòðè÷íûå ðåøåíèÿ òåîðèè
Ýéíøòåéíà-ßíãà-Ìèëëñà â ÷åòûðåõìåðíîì ïðîñòðàíñòâå àíòè-äå
Ñèòòåðà, è èññëåäîâàòü èõ ïîâåäåíèå ïðè âàðèàöèè ãðàíè÷íûõ óñëî-
âèé.


